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Electric double layer in porous media is studied with direct numerical simulations of the Nernst-Planck-
Poisson equation. The time evolution of the charging process of the electric double-layer along a straight pore
is first studied, and confirm that the time evolution obeys a power law of the exponent 1/2. We find that the
diffusion constant increases effectively by the effect of the width of the pore. Next it is found that the time
evolution of the charging process in fractal porous media obeys a power law, and the exponent � is related to
the fracton dimension. Finally, we propose a coupled map lattice model for the creation of pore structures by
gas activation processes, and perform numerical simulation of the charging dynamics of the electric double
layer.
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I. INTRODUCTION AND MODEL EQUATION

The electric double layer plays an important role in vari-
ous research fields such as plasma physics, electrochemistry,
and colloidal science. Electric double-layer capacitors
�EDLCs� are electric devices with large capacitance using
the electric double layer �1,2�. The high capacitance is
caused by the large surface area in the random porous media
such as the activated carbon. It is important to understand the
electric double layer in random porous media. In the previ-
ous paper, we have studied the charging dynamics of the
electric double layer on self-similar fractal electrodes using
the Nernst-Planck-Poisson equation, and found a stretched
exponential law for the charging dynamics �3�. There are
open wide spaces around the fractal electrodes such as a
diffusion-limited aggregation �DLA� cluster or a critical per-
colation cluster, in which ions can diffuse rather freely. How-
ever, ions need to diffuse through long narrow pores in the
porous media. It takes therefore rather long time for ions to
spread out the porous media, and the charging dynamics is
expected to become very slow.

The slow relaxation of the charging process is closely
related to the anomalous behavior of the impedance. The
constant-phase angle �CPA� impedance, which has a form of
Z���=R+k�i��−p, has been known in various media since
1920s. Levie proposed a transmission line model with p
=1/2 for porous electrodes �4�. Sapoval, Pajkossy-Nyikos,
and Leibig-Halsey studied the CPA impedance for fractal
electrodes, and showed the exponent p is related the fractal
dimension Df �5–8�. The CPA impedance was also studied
experimentally by Larsen et al. and Pajkossy-Kyikos �9,10�.
Sanabria and Miller studied nonporous electrodes of stainless
steel, proposed an overdamped oscillator model for the im-
pedance, and they suggested the importance of the CPA im-
pedance only for obviously porous electrodes �11�.

The impedance Z��� is related to the relaxation function
of the current I�t�=dQ�t� /dt for the stepwise electrode po-
tential �=V��t� ���t� is the Heaviside step function� as
I���=V / �i�Z����, where I���=�0

�I�t�e−i�tdt. If Q�t�� t� and

I�t�� t�−1, I���=�0
�t�−1e−i�tdt=�−��0

�t���−1�e−it�dt���−�.
Therefore, the power law type of slow relaxation in porous

media is directly related to the CPA impedance, that is,
�� p. However, the CPA impedance or the slow relaxation
characterized by the power law decay was not explicitly
studied in the Nernst-Planck-Poisson equation.

In this paper, we study the electric double layer by the
direct numerical simulation of the Nernst-Planck-Poisson
equation, which is a dynamical version of the Gouy-
Chapman model �12,13�. In the Gouy-Chapman model, the
electric double layer is constructed only with the diffusion
double layer. The electric potential obeys the Poisson equa-
tion. Positive and negative ions satisfy the Nernst-Planck
equations. In this paper, we do not consider various effects
such as finite-length-dipole effects, nonlinear effects by large
V, and steric effects of finite ion size, although they are im-
portant in realistic EDLCs �14–16�. Although there are sev-
eral limitations in the Nernst-Planck-Poisson equation as dis-
cussed in Ref. �16�, the Nernst-Planck-Poisson equation is a
simple and basic model, and the dynamical behaviors of the
equation in complicated media have not been investigated in
detail. We will study the charging dynamics of electric
double-layer in porous media using the Nernst-Planck-
Poisson equation.

The Nernst-Planck-Poisson equations are written as

��+

�t
= D+�2�+ + �+e � ��+ � �� ,

��−

�t
= D−�2�− − �−e � ��− � �� , �1�

�2� =
e

	
��− − �+� , �2�

where � is the electric potential, �+ and �− denote the con-
centration of the positive and negative ions, D± denotes the
diffusion constant for ions, �± is the mobility of ions, and 	
is the dielectric constant. We assume further that the charge
of each ion is ±e, and the mobility of each ion is the same
�+=�−=� for the sake of simplicity. Owing to the Einstein
relation, the diffusion constant and the mobility satisfy the
relation D+=D−=D=�kBT. By rescaling of the space and
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time coordinates and the electric potential using the Debye
length 
s= �	kBTs / �e2�s��1/2, ts=	 / ��e2�s�, and Vs=kBTs /e at
a certain temperature Ts and a certain concentration �s, Eqs.
�1� and �2� are rewritten as

��+

�t
= T�2�+ + ���+ � �� ,

��−

�t
= T�2�− − ���− � �� , �3�

and

�2� = �− − �+. �4�

We assume that there is a flat electrode at x=0, and a long
porous medium is located for x�x0, which is sharply cut at
x0 as shown in Fig. 1�a�. The ion concentration is fixed to be
�0 and the electric potential � is 0 at the flat electrode x=0.
The electric potential is fixed to be V at the porous medium,
which acts as anode. The control parameters are the dimen-
sionless temperature T, the electrode potential V at the po-
rous media, and the concentration �0. Periodic boundary con-
ditions are assumed in the y direction, that is, ��x ,Ly�
=��x ,0� ,�+�x ,Ly�=�+�x ,0�, and �−�x ,Ly�=�−�x ,0�. When
the electrode potential V is sufficiently small, the system be-
comes a linear system and Eq. �3� is approximated as

��+

�t
= T�2�+ + ���0 � �� ,

��−

�t
= T�2�− − ���0 � �� . �5�

II. ELECTRIC DOUBLE-LAYER AROUND A STRAIGHT
POROUS ELECTRODE

First, we consider a simple porous medium constructed of
straight parallel pores as shown in Fig. 1�a�. We study an
even simpler system in which the anode is constructed of
only one straight rectangular pore of width Ly and length
Lx−x0, as shown in Fig. 1�b�. The electric potential is fixed
to be �=V at y=0, y=Ly for x0�x�Lx, x=Lx, and �=0 at

x=0. The initial conditions are �+=�−=�0 and �=0 except
for the boundaries. We have performed direct numerical
simulation of Eqs. �3� and �4� with the Euler method with
grid size 
x=0.2 and time step 
t=0.001. The charge den-
sity per unit length in the x direction is expressed as q�x , t�
=�0

Ly��−�x ,y , t�−�+�x ,y , t��dy, and the total charge is ex-
pressed as Q�t�=�0

Lxq�x , t�dx. Figures 1�c� and 1�d� display,
respectively, three snapshot profiles of ��x ,y , t� at y=Ly /2
and q�x , t� at t=50, 250, and 750 for Lx=600, Ly =12, x0

=10, V=0.2, T=2, and �0=1. As the charge is stored, the
electric potential ��x ,Ly /2� decreases gradually from V
=0.2 to 0, which is seen from Figs. 1�c� and 1�d�. Figure 1�e�
displays profiles of ��x ,y�=�−�x ,y , t�−�+�x ,y , t� at x=15
and 60 as a function of y at t=750. The profiles of the stored
charge ��x ,y , t� is well approximated by the exponential
function 0.15 exp�−y� �x=15� and 0.11 exp�−y� �x=60�.
Note that the relaxation constant of the exponential decay is
equal to the Debye length 
=�T / �2�0�=1. These results
suggest that the electric potential ��x ,y , t� is expressed as

��x,y,t� = �0�x,t� + ���x,y,t� , �6�

where �0�x , t����x ,Ly /2 , t�, and

�±�x,y,t� = �0�1 � ���x,y,t��/T . �7�

Here �0�x , t� can be assumed to be a constant, when we
consider the profiles of �± and � in the y direction. Then, the
Poisson equation is approximated as

�2� �
�2�

�y2 =
���

�y2 =
2�0

T
�� , �8�

because the spatial variation in the x direction is very small,
i.e., ��� /�x � � ��� /�y�. Hence, �� is expressed as

�� = ��0 cosh��y − Ly/2�/
� , �9�

where

��0 = �V − �0�x,t��/cosh�Ly/�2
�� ,

by the boundary conditions: ��x ,0 , t�=��x ,Ly , t�=V. The
stored charge density q�x , t� is expressed as
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FIG. 1. �a� Porous medium with parallel straight pores. �b� One straight rectangular pore. �c� Snapshot profiles of ��x ,Ly /2 , t�
at t=50, 500, and 750 for Lx=600, Ly =12, x0=10, V=0.2, T=2, and �0=1. �d� Snapshot profiles of q�x , t� at t=50, 250, and 750. �e�
Snapshot profiles of ��x ,y�=�−�x ,y , t�−�+�x ,y , t� at x=15 and 60 as a function of y at t=750.
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q =
2�0�V − �0�x,t��
T cosh�Ly/�2
�� 	0

Ly

cosh��y − Ly/2�/
�dy

=
2�V − �0�x,t�� tanh�Ly/�2
��



. �10�

In the equilibrium state, �0�x , t�=0 if Ly /2�
, and the total
charge is expressed as

Q � 	
x0

Lx

q�x,t�dx = 2V tanh�Ly/�2
���Lx − x0� ,

and the capacity per unit length is expressed as

C = 2 tanh�Ly/�2
��/
 .

In the charging process, �0�x , t� is not zero as shown in Fig.
1�c�, but the charge density q�x , t� is approximately ex-
pressed as q�x , t�=C�V−�0�x , t��, or V−�0�x , t�=q�x , t� /C,
and

�� =
�V − �0�x,t�� cosh��y − Ly/2�/
�

cosh�Ly/�2
��
.

By the integral of Eq. �5� with respect to y, q�x , t� obeys

�q

�t
= T

�2q

�x2 − 2�0
�2

�x2	
0

Ly

��x,y,t�dy = T
�2q

�x2

− 2�0
�2

�x2 
�0�x,t�Ly + �V − �0�x,t��
 tanh�Ly/�2
���

= T
�2q

�x2 − 2�0
�2

�x2 
�V − q�x,t�/C�Ly

+ q�x,t�/C
 tanh�Ly/�2
��� = D
�2q

�x2 , �11�

where

D =
�0
Ly

tanh�Ly/�2
��
. �12�

This implies that the charge density q�x , t� obeys a diffu-
sion equation with the effective diffusion constant D. A so-

lution of Eq. �11� for x�x0 and Lx�1 is approximated as

q�x,t� =
2q0

��
���

2
− 	

0

x�
exp�− z2�dz
 , �13�

where x�= �x−x0� / �2�Dt� and q0�CV. The stored charge
density q�x , t� decays as in Fig. 1�d�, as a function of x. We
can evaluate the position x1, where the charge density q�x , t�
becomes half of the maximum value qmax at each time. Fig-
ure 2�a� displays the distance x1−x0 from the edge at x=x0 of
the pore as a function of t. The distance x1−x0 increases as
x1−x0=0.954�Dt1/2 for the solution �13�. We can evaluate
the effective diffusion constant D from Fig. 2�a� as D=3.29.
We have evaluated the effective diffusion constant D as a
function of Ly for T=2 and �0=1. The results are shown in
Fig. 2�b�. The dashed curve is obtained from Eq. �12�. As Ly
is decreased, D approaches T=2. For large Ly, D increases in
proportion to Ly. That is, the diffusion constant increases
effectively in a wide pore. Figure 2�c� displays the effective
diffusion constant evaluated from numerical simulations as a
function of �0 for Ly =6 and T=2. The dashed curve denotes
Eq. �12�. Thus, we have found that the charging dynamics
around a straight pore is well described by the diffusion
equation with a diffusion constant different from the original
diffusion constant T. The total charge Q�t�=�x0

Lxq�x , t�dx also
increases as Q�t��Dt1/2 if Lx is sufficiently large. The power
law relaxation with the exponent 1 /2 is the same as the
model by Levie, but the effective diffusion constant was not
evaluated before �4�.

III. CHARGING DYNAMICS OF ELECTRIC DOUBLE-
LAYER AROUND FRACTAL POROUS ELECTRODES

In the previous section, we found that the width of the
pore changes the diffusion constant effectively but the time
evolution of the exponent �=1/2 does not change by the
width of the pore. In this section, we will investigate more
intricate fractal pore networks. One is a critical percolation
cluster and the other is a DLA cluster. In the previous paper,
we have used these fractals as the electrodes and found a
stretched exponential relaxation. In this paper, we use these
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FIG. 2. �a� Distance x1−x0, where the charge density q�x , t� becomes half of the maximum value as a function of t. The dashed line
denotes a line of x1−x0� t1/2. �b� Effective diffusion constant D as a function of Ly evaluated from direct numerical simulation and the
theoretical curve by Eq. �12�. �c� Effective diffusion constant D as a function of �0 evaluated from direct numerical simulation and the
theoretical curve by Eq. �12�.
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fractals as pores, through which ions diffuse, and the space
other than the pore area is considered to be the electrode. We
have performed numerical simulations in a box of Lx=200,
x0=10, and Ly =160 for T=2, V=0.2, and �0=1. Figure 3�a�
displays a critical percolation cluster. The critical percolation
cluster is cut at x0, and the ions diffuse into the percolation
cluster from x=x0. Figure 3�b� displays the time evolution of
the total charge Q�t�. The total charge grows as Q� t� with
��0.34. The average charge density q�x , t� at x was calcu-
lated as q�x , t�=�y=0

Ly ��−�x ,y , t�−�+�x ,y , t�� /�y=0
Ly 1�x ,y�,

where 1�x ,y� takes 1 if the site at �x ,y� is included in the
percolation cluster. Figure 3�c� displays q�x , t� as a function
of x̃= �x−x0� / t� with �=0.35 at t=400, 800, 1200, and 1600.
The fairly good overlap implies that a scaling law with the
exponent � is satisfied for the average charge density. Figure
4�a� displays a DLA cluster, which had grown from a linear
seed at x=x0. The ions diffuse on the DLA cluster from x
=x0. The initial concentration is �+=�−=�0 on the DLA clus-
ter and in the region x�x0. Figure 4�a� displays a time evo-
lution of the total charge Q�t�. The total charge grows as Q
� t� with ��0.32. The average charge density q�x , t� at x
was similarly calculated as q�x , t�=�y=0

Ly ��−�x ,y , t�
−�+�x ,y , t�� /�y=0

Ly 1�x ,y�, where 1�x ,y� takes 1 if the site is
included in the DLA cluster. Figure 4�c� displays q�x , t� as a
function of x̃= �x−x0� / t� with �=0.37 at t=500, 1000, 1500,
and 2000. The fairly good overlap implies a scaling law with
the exponent � is satisfied for the average charge density
also in the DLA pore network.

The charging dynamics around the fractal pore network is
closely related to the diffusion on the fractal network. It is
expected that the characteristic exponent for the charging
dynamics of the electric double layer is essentially the same
as the one for the diffusion, as seen from the previous sec-
tion. The diffusion on the fractal network has been inten-
sively studied �17�. The anomalous diffusion occurs on the
fractal network. The mean square distance R2 of a random
walker starting from a certain point is scaled as t2/dw, where
dw is the anomalous diffusion exponent. For a loopless frac-
tal such as the DLA cluster, dw is given by Df +1 �17,18�. For
the DLA cluster, Df �1.71 and dw�Df +1=2.71. The total
charge Q�t� is roughly estimated as Q�RDf � tDf/dw, if the
ions diffuse from a certain point. The exponent Ds=2Df /dw
is called the fracton dimension. The fracton dimension for
the DLA cluster is therefore Ds=2�1.71/2.71�1.26. The
fracton dimension for the critical percolation cluster is Ds
�4/3, which is called the Alexander-Orbach conjecture
�19�. On the other hand, the fractal dimension of the critical
percolation cluster is Df =91/48 and therefore dw�2.87. If
ions diffuse into porous media from a line as our porous
media, the exponent is expected to become half of the expo-
nent for the case from a point. The total charge is therefore
expected to obey Q� tDs/4. One of the authors investigated
an adsorption-diffusion process on the fractal network and
confirmed that the total adsorbent quantity obeys Q�t�
� tDs/4 and the scaling law for the concentration ��x , t� is
approximated by ���x−x0� / t�� with �=1/dw �20�. Our prob-
lem of the charging dynamics of the electric double-layer is
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FIG. 3. �a� Critical percolation cluster. �b� Time evolution of the total charge Q�t�. The dashed line denote Q� t0.34. �c� Four snapshot
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different for the adsorption-diffusion problem, however, the
same scaling law is expected to be satisfied, because the
anomalous diffusion on the fractal network is essential in
both problems. Actually, the numerically obtained
exponent �=0.32 for the DLA cluster is close to Ds / �2dw�
=1.7/ �2�2.7�=0.315 and the exponent �=0.34 for the criti-
cal percolation cluster is close to Ds / �2dw�=0.33. The expo-
nent �=0.35 for the critical percolation cluster is close to the
exponent 1 /dw=1/2.87�0.348, and the exponent �=0.39
for the DLA cluster is also close to 1/dw=1/2.7�0.37.
Thus, we have found that the exponent � is not directly
related to the fractal dimension Df in our model, but it is
related to the fracton dimension, which was not noticed in
previous studies �5–8�.

IV. ELECTRIC DOUBLE-LAYER IN POROUS MEDIA
GENERATED BY A COUPLED MAP LATTICE MODEL

Activated carbon is used as electrode materials in EDLCs.
An activation process by hot water vapor is often used to
generate many micro pores in carbon material. The chemical
reactions for the gas activation process are expressed as

C + H2O → CO + H2,

C + 2H2O → CO2 + 2H2.

The solid carbon changes into the gases: CO,H2, and CO2 by
the reactions and evaporates from the interface of the solid
and the gas. As a result of the evaporation, micropores are
created, although the detailed processes of the pore creation
are not well understood now. These reactions are endother-
mic. The high temperature is necessary for the reactions, but
the temperature is decreased owing to the endothermic reac-
tion, when the chemical reactions proceed. The situation is
similar to the melt growth of crystal, although the supercool-
ing is necessary for the growth, the latent heat is released by
the growth, and therefore the effect of the temperature is
reversed, in the case of the melt growth. A kind of the
Mullins-Sekerka instability is expected to occur under these
conditions and the flat surface might be unstable �21�. This is
a possible origin of the growth of micropores. We proposed a
coupled map lattice model for the melt growth and found
various patterns such as DLAs, dendrites, and dense branch-
ing patterns �DBM� in the coupled map lattice models

�22–24�. We can construct a coupled map lattice model for
the activation process of carbon.

In the coupled map lattice model, there are two variables
at each lattice site on a square lattice; one variable u denotes
the temperature and the other variable p is an order param-
eter, which indicates the degree of the vaporization at each
lattice site. The order parameter p takes 0 at solid sites and
increases according to the chemical reaction at the interface
sites. The interface sites are located in the nearest neighbor
sites and the next-nearest-neighbor sites of solid sites. The
time evolutions are performed in two steps on each lattice
point. The first step is a diffusion process expressed as

un��i, j� = un�i, j� + D/
x2�un�i + 1, j� + un�i − 1, j� + un�i, j + 1�

+ un�i, j − 1� − 4un�i, j�� , �14�

where u is a dimensionless temperature, n is an integer step
number, 
x is the grid size, D is the diffusion constant, and
the time step 
t=1 is assumed. We have assumed the param-
eter values as 
x=0.2 and D=0.008. The second step is an
evaporation process, which occurs only at the interface sites.
At the nearest neighbor sites of solid sites, the second step is
expressed as

pn+1�i, j� = pn�i, j� + ��un��i, j�� ,

un+1�i, j� = un��i, j� − 
u��un��i, j�� , �15�

and at the next-nearest-neighbor sites of solid sites, the sec-
ond step is expressed as

pn+1�i, j� = pn�i, j� + c��un��i, j�� ,

un+1�i, j� = un��i, j� − c
u��un��i, j�� , �16�

where ��u� represents the reaction rate constant and it is
assumed to be ��u�=0.5 exp�−1/u�i , j�� by Arrhenius’s law,
−
u is proportional to the heat of reaction, and c=0.35 is
used in our simulation to reduce the anisotropy effect of the
square lattice. If the variable p reaches a threshold value
pc�i , j�, the lattice site is assumed to be completely evapo-
rated, the lattice site changes into a gas site, and the interface
moves by one site. Because the carbon material is rather
random, we have further assumed that the threshold value
pc�i , j� is randomly distributed between 0.2 and 1. Owing to

0

40

80

120

160

50 100 150

(a) (b)

0

10

20

30

40

120 140 160 18010
x x

y y
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this effect of the random threshold, DLA-like or DBM-like
random patterns appear. The initial condition is p�i , j�=0 for
x= i
x�x0=10 and the temperature u�i , j�=1 at every site.
Figure 5�a� displays a DLA-like pore pattern for 
u=6 ob-
tained by a numerical simulation of the coupled map lattice,
where the shaded region denotes a pore region where the
order parameter p has gone over the threshold pc�i , j�. Figure
5�b� displays a DBM-like pore pattern for 
u=2. Because
the pattern has a fine structure, we have shown only a region
in 120�x�190 and 0�y�40. As the parameter 
u is in-
creased, the decrease of the temperature by the chemical re-
action is larger, and the chemical reaction tends to be
strongly suppressed. As a result, a DLA-like pore pattern
grows as Fig. 5�a�. We have calculated the fractal dimension
of the patterns by the standard box counting method. Figure
6�a� displays a double-logarithmic plot of the box number N
as a function of the length scale R for the pattern in Fig. 5�a�.
The fractal dimension is estimated as Df �1.72. Figure 6�b�
displays a double-logarithmic plot of the box number N vs R
for the pattern in Fig. 5�b�. Two dashed lines denote the lines
of the exponent Df =1.7 and Df =1.95. The curve of N�R� is
slightly curved in the smaller scale region, the fractal dimen-
sion in the smaller scale is Df �1.7, which is close to the
dimension of the DLA cluster, and however, the fractal di-
mension in the larger scale is Df �1.95�2, which implies a
dense pattern.

We have performed numerical simulation of the charging
dynamics of the electric double-layer by Eqs. �3� and �4�
using the porous media generated by the coupled map lattice
model. Figures 7�a� and 7�b� display the time evolutions of
the total charge Q�t� for the DLA-like and DBM-like pore
patterns. The total charge Q�t� increases as Q�t�� t0.33 for the
DLA-like pore pattern in Fig. 5�a�. The exponent �=0.33 is
close to the value 0.315, which is expected for the DLA

pattern. The total charge Q�t� increases as Q�t�� t0.45 for the
DBM-like pore pattern shown in Fig. 5�b�. The exponent �
=0.45 is rather large compared the value 1.95/ �2�2.95�
�0.33, which is expected for the loopless fractal pattern
with fractal dimension Df =1.95. The exponent 0.45 is be-
tween the value 0.33 expected for a loopless fractal pattern
with Df =1.95 and 0.5 for a straight pore. We do not under-
stand the reason well now, but it might be related to the facts
that the pore density is large and the pore width cannot be
negligible, and the effect of the branching structure becomes
weak.

V. SUMMARY

We have studied the charging dynamics of the electric
double-layer in porous media with direct numerical simula-
tions of the Nernst-Planck-Poisson equation. The electrode
potential is assumed to be relatively small, in which the lin-
ear relation is satisfied. First, we have confirmed that the
time evolution of the stored charge obeys a power law of the
exponent 0.5. We have found that the effective diffusion con-
stant changes with the width Ly of the pore, but the charac-
teristic exponent � does not change with Ly. Next, we have
studied the charging dynamics in fractal porous media. The
charging dynamics obeys a power law and the exponent is
related to the fracton dimension. Finally, we have proposed a
coupled map lattice model for the pore creation in carbon
material. DLA-like or DBM-like patterns appear as a result
of a kind of the Mullins-Sekerka instability. The charging
dynamics has been investigated for the porous media gener-
ated by the coupled map lattice using the Nernst-Planck-
Poisson equation. The charging dynamics obeys a power law.
The exponent is consistent to the fracton dimension for the
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FIG. 6. �a� Double logarithmic plot of the box
number N�R� vs the length scale R for the DLA-
like pore pattern shown in Fig. 5�a�. The dashed
line corresponds to the fractal dimension 1.72. �b�
Double logarithmic plot of N�R� vs R for the
DBM-like pore pattern shown in Fig. 5�b�. Two
dashed lines correspond to the dimension 1.95
and 1.7.
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FIG. 7. �a� Time evolution of the total charge
Q�t� for the DLA-like pore pattern shown in Fig.
5�a�. The dashed line denotes a power law of ex-
ponent 0.33. �b� Time evolution of the total
charge Q�t� for the DBM-like pore pattern shown
in Fig. 5�b�. The dashed line denotes a power law
of exponent 0.45.
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DLA-like pattern. As the pore density is increased, DLA-like
patterns changes into DBM-like patterns, and the exponent �
increases toward the value of the straight pore.

As explained in the first section, we have not considered
various effects such as nonlinear effects by large V, the
Helmholtz layer, and steric effects of finite ion size for the
charging dynamics, in this paper. The nonlinear effect by
large V and some effects of the Helmholtz layer might be

investigated in some generalized models of the Nernst-
Planck-Poisson equation �16�, which are left as future prob-
lems. However, there are also various effects such as finite
size effects or discreteness of ions, some of which might be
difficult to study in continuum models like the generalized
Nernst-Planck-Poisson equations, and other numerical meth-
ods such as the molecular dynamics simulation might be
necessary.
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